ABSTRACT. Here we give examples and classifications of varieties with strange behaviour for the enumeration of contacts (answering a question raised by Fulton, Kleiman, MacPherson). Then we give upper and lower bounds (in terms of the degree) for the non-zero ranks of a projective variety. 
Fulton, Kleiman and MacPherson [2] prove a very nice theorem about the number of varieties in a /7-parameter family touching p varieties g\{V\),...,g*(V p ) with V t C P^ and gt G Aut(P^). (There are no restrictions on the V; and g{). We will refer to this result as the main theorem of [2] . The authors in [2] discuss the enumerative significance of their formula and the type of contact for general g/'s. In Section 4 they present a number of open questions. The aim of the first section of this note is to give an answer (not the answer) to the first question raised there concerning (c, iv) of the main theorem of [2] , At the bottom of page 180 of [2] , this question is recast in the following form:
Find integral varieties A, A! in P^ (possibly A = A') with the same dimension, say dim(A) = m (with m > 2), such that there is an irreducible E C A x A! with dim(£) =
2m -1, and such that for all (x,y) G E T X A ^ T y A\ T X A D T y A f contains the line [x;y] thru x and y and AU A f does not contain [x\ y].
We will say that a variety A (resp. a pair (A, A') with A ^ A') has property (&) (resp. (&&)) if (A, A) (resp. (A, A')) satisfies the condition just given. The bitangency problem in [2] arises when one of the schemes involved, say V\, contains integral components A, A' with A satisfying (&) or {A, A') satisfying (&&).
For the notions used (dual variety, reflexivity, ranks,...) and their properties, see the nice papers [2] , [3] , [5] and [6] .
In § 1 (see Remark 1.1) we will show that when the algebraically closed base field F has characteristic 2, for every even m there are explicit examples (first found in [1] and used there for other purposes) of ra-dimensional varieties with property (&). Then we will show (see Theorem 1.2) that the only ordinary varieties with property (&) are the ones described in 1.1. At the beginning of the proof of 1.2 we will discuss also where the restrictions on char(F) and the dimension m come from. In 1.3 we will describe (when char(F) = 2) a class of pairs (A, A') satisfying (&&) with A and A' ordinary varieties. Theorem 1.3 will show that there is no other pair (A,A f ) satisfying (&&) with A and A' ordinary varieties.
In the first part of §2 we prove a result (Proposition 2.1) about the dual variety of the Veronese embedding of a projective variety. Then we prove a result (Theorem 2.2) which gives information about the dual variety of the Segre embedding obtained from two embeddings of a variety in projective spaces.
In § 3 we assume char(F) = 0 and give a quantitative version (see Theorem 3.1) of a non-vanishing theorem of Hefez and Kleiman ([3] , 4.13, or see [6] , th. (7) on p. 190) about the ranks of a projective variety; Theorem 3.1 gives a lower bound and an upper bound (both in terms of the degree) for the non-zero ranks of a projective variety. Theorem 3.1 improves very much [7] , Prop. 5.3.
1. In this paper every scheme will be algebraic over an algebraically closed field F; essentially the only interesting cases for this section (and for the first part of Proposition 2.1) arise when char(F) = 2. Now we describe a nice class of hypersurfaces (defined if char(F) = 2) introduced in [1] for other purposes (there it was proved that they are exactly the only varieties satisfying a certain property ($) Set X := {/ = 0}. There are many examples of polynomials/ given by (1) for which X is reduced and irreducible. Any such X will be said to be described by (1) (i.e. char(F) = 2, m -2r -2, X is a hypersurface in P™ PROOF. It was proved in [1] , § 1, that every integral variety X described by (1) has the following property (%):
For every x G X reg and every y G (X reg ) D T X X, we have x G T y X.
In particular by (%) T X XD T y X contains the line [JC; y]. Since dim(ZD T X X) -m-\ and X PI (T X X)
is not a cone with vertex x (for general x), we see that X has property (&).
• This remark settles the existence asked in [2] , beginning of § 4. But of course we want more: under (very strong) assumptions (i.e., that the variety is ordinary) we will show that these are the only examples with property (&) (see Theorem 1.2). Then in 1.3 and 1.4 we will do essentially the same for the property (&&). [1] this implies that V is described by (1) .
(a2) Assume m > 2. By the case m = 2, we see that the intersection of V with a general 3-dimensional linear space is described by (1) . In particular this gives the irreducibility of (T z V)D Vfor general V, hence that B is an open subset of (T z V)nV and that the set {( PROOF. We describe here one (equivalent and not depending on any choice of coordinates) description of every variety X described by (1) . There is a linear isomorphism (a null-correlation) t: P w+1 --• P m+1 * such that for every z G P m+1 all the tangent spaces to X at the points of (X reg ) H t(z) pass thru z; if XD t(z) is reduced, this means that XH t(z) is a strange variety with z as strange point. The isomorphism t does not depend on X satisfying ( 1 ) if we have fixed the coordinates (i.e. depends only on the part £ y t zt of ( 1 ) * maps 3 general collinear points to 3 collinear points (i.e. to 3 planes thru the same line). As in the proof of [1] , last part of step 1 in § 2, we get that g 7 is induced by a linear isomorphism f 1 : P 3 --» P 3 * (a null-correlation) and A' is induced by (1) for a suitable choice of homogeneous coordinates (and of functions h\ b'). By symmetry the Gauss map of A is induced by a linear isomorphism t: P 3 -• P 3 * and A is described by (1) for a (possibly different) choice of homogeneous coordinates. The discussion of the meaning of the collineations t, f given in the proof of 1.3 and property (&&) show that t = t', i.e. that A and A' are described by (1) (for suitable (Kb) and {h'.b')) with respect to the same system of coordinates.
(ii) Now assume m > 2 and Af = m + 1. By step (i) we get the irreducibility of (T X A) H A' for general x ÇA, and the same proof as in step 1 works.
(iii) Assume N > m + 1. We may assume that AU A' spans P^; by the definition of (&&) we get easily that either A spans P^ or A spans a hyperplane H. In the second case, since dim(£) = 2m -1, by the definition of (&&) all T X A, x G A reg , contain A' Pi H\ this is obviously false for non-linear A'. Thus we may assume that A spans P^. Since we know that a general projection of A into P m+1 satisfies (&) and is described by (1), we find a contradiciton as in the last step of the proof of 1.2.
• 2. First we prove the following result. (a) Choose systems of inhomogeneous coordinates T\,..., Tk at i(P) (resp. L\,..., L r aty'(F)) such that T\,...,T m (resp. L\,... ,L m ) form a regular system of parameters for i(V) (resp.y(V)) at i(P) (resp.y(F)) and such that i*(L t ) = f{Ti) modulo the square of the maximal ideal of P in V. Thus we have the first inequality in 3.1. Since char(F) = 0, every variety X is reflexive and, if X has dimension «, r t (X) = r n _,-(X*) ( [6] , th. (4) on p. 189). Thus applying the first part to V*, we get the second inequality.
•
